Normalized indentation works, referred to as the total and elastic energy constants, have been shown to be effective in the representation and analysis of experimental load-displacement data. However, their physical meaning, influencing factors, variation range and relationships with other nanomechanical quantities are not precisely known. In this study, the load-displacement data obtained as a result of simulations of elastic and elasto-plastic indentations are extensively analysed to enhance our understanding concerning these two energy-based parameters. It has been shown that while the total energy constant describes the state of an indenter tip and the type of contact regime, the elastic energy constant characterizes the response of a material to indentation. In addition, their applications in the evaluation of key nanomechanical quantities such as the indenter tip radius, the nominal hardness and the contact depth are also discussed.
Introduction
Nanoindentation has been established as a reliable experimental means for small-scale mechanical characterization of a large array of materials. Its application, initially limited to metals and ceramics, has been extended to more complex polymeric, biological and cementitious materials. In this technique, a probe of specified geometry and known mechanical properties is indented into the surface of a material to record the response in terms of load-penetration history. The response so-obtained is subsequently analysed to extract meaningful nanomechanical properties such as the reduced elastic modulus, hardness [1] , yield strength, strain hardening exponent [2] , indentation fracture toughness [3] , etc. However, the accuracy with which these properties are evaluated mainly depends on how well the response to indentation is understood and interpreted. Indentation is a complex elasto-plastic phenomenon resulting in a non-uniform displacement as well as stress fields in the vicinity of contact, which complicate the analytical derivation of a load-displacement relationship [4] [5] [6] [7] . Therefore, the knowledge on response of a material to indentation gained or attempted to be gained is often empirical.
Although significant advancement of our knowledge concerning indentation contact has been made over the last two decades, a complete understanding of the load-displacement response remains somewhat evasive. For instance, a powerlaw description given by P = Ch n may be used to fit an experimental loading curve acquired with a conical or a pyramidal indenter. The exponent n primarily depends on the geometry of an indenter, and is equal to 2 if it is perfectly sharp (zero-tip radius) [8, 9] . Generally, n decreases with the increase in the tip radius, but how exactly they vary is not known. Note that determining the indenter tip radius is an important endeavour in the nanomechanical analysis. Again, Zeng and Chiu [10] found that n changes from 2 to 1.5 even for a sharp indenter when the peak indentation load becomes smaller than 30mN. Similarly, the coefficient C, in addition to indenter's geometry, also depends on the material properties. Despite its use in the evaluation of the elastic modulus [9, [11] [12] [13] and yield strength [2] , a classification of material's response to indentation based on Cvalue is difficult. A better alternative to the power-law description is also available in the literature. Cheng and Cheng [14] , using dimensional analysis and finite element (FE) simulations, showed that a loading curve may be represented by a second-order polynomial and its coefficients may be used to estimate the tip radius of an indenter as well as yield strength of a material. The tip radius and yield strength determined in this way, however, lack consistency.
Unloading load-displacement curve may also be represented by a power law, which has a slightly different form P = A 0 (h−h f ) m . Parameters h f , A 0 and m are determined by the least square curve fitting procedure. Like the previous case, the exponent obtained from unloading response is supposed to be indicative of indenter geometry; it is equal to 1, 1.5 and 2.0 for flat punch, parabola of revolution and conical indenters, respectively. Responses from a wide range of materials led Oliver and Pharr [1] conclude that m falls in the range 1.2-1.6 for a Berkovich indenter. This is contrary to the fact that the shape of a Berkovich indenter is not formed by a revolution of a parabola. However, by introducing the concept of 'effective indenter shape' [15] , they reconfirmed the range mentioned above for the exponent associated with this particular type of indenter. Gong et al [16] argued that a value of 2 for m is always achievable in the case of a Berkovich indenter if the residual stress that arises during indentation is properly accounted for in the fitting process. This hypothesis appears to be realistic as an indenter of the Berkovich type resembles more closely a conical one [15] . However, an exponent greater than 2 is frequently reported in the literature, which can neither be justified by the 'effective indenter shape' nor by 'residual stress' theories [17] [18] [19] . Another disadvantage associated with m is that, even for a given material, it exhibits large variability depending on the peak indentation load [16] . Again, it varies with the hardness-to-elastic modulus ratio in such a way that two different materials can have exactly the same value of this exponent [20] . Furthermore, parameters of the power law are also found to be dependent on the amount of data used in the fitting process [20, 21] . In essence, the power-law quantities are mere fitting parameters lacking completely in their physical meaning, which is of particular interest to carry out meaningful nanomechanical analysis.
Indentation works, on the other hand, are often employed in the analysis of nanoindentation data to characterize the response of a material and to extract their mechanical properties [2, 13, [22] [23] [24] [25] [26] [27] [28] [29] , albeit in different forms. For instance, percentage elastic recovery (defined as a ratio of the elastic to total work) has been used to describe the deformation recovery capability of a material [9] . This ratio also finds its application in the determination of mechanical properties [2, 23] . A recent study by Wang et al [30] showed that it is a function of the indenter geometry as well. Not only is it hard to characterize the indenter geometry based on the elastic recovery ratio, but its application in the evaluation of mechanical properties is also not found to be so effective. Attaf [24] proposed a set of energy constants by introducing the concept of absolute energy of indentation; of them, total and elastic energy constants have important applications in the nanomechanical analysis. Recent studies have shown that the loading and unloading curves are describable with the help of power functions involving total and elastic energy constants, respectively [19, 26] . It has also been shown that the elastic energy constant may also be used to evaluate the initial unloading stiffness [29] . Other than these uses, however, little is known about their physical meaning, influencing factors, variation range, relationship with other nanomechanical quantities and potential to characterize indenter geometry and material's response to indentation. As such, the objectives of this study are to gain a more comprehensive understanding of these energy constants and to assess their performance and capabilities in the analysis of nanoindentation data.
Theoretical considerations
This section provides a brief introduction to the background theories that are relevant in the present study with the emphasis on the representation of the indentation load-displacement curves in the elastic and elasto-plastic contacts and on the fundamental of energy constants.
Elastic contact
When an elastic half-space is indented by an ideally sharp conical indenter, the resulting load (P ) versus displacement (h) relationship is described according to the Sneddon's solution [31] , which is given by:
where E s is Young's modulus of the elastic-half space, ν s is Poisson's ratio and α is the half-included angle of a conical indenter. A theoretical solution capable of describing the P -h relation is not available for a Berkovich (pyramidal) indenter. FE simulations of Berkovich indentation showed that a parabolic relation between indentation load and penetration depth still holds [32] . However, such a relationship is greatly affected by the indenter tip radius. Recently, Poon et al [33] obtained a relation based on FE simulations of elastic indentations with indenter having finite tip radius. Their numerical simulations on linear elastic solids resulted in the following expression:
where f (ν s ) and g(R) are known as multiplicative and additive factors, respectively, and R is the indenter tip radius. Note that (2) are fitting parameters and are equal to −0.062, −0.156, 1.12, 1.50 × 10 −5 nm −1 and 0.117, respectively. A blunt pyramidal indenter may behave like a spherical one if the ratio of the indenter tip radius to the maximum depth of penetration to is greater than 13.60 [14] . If this condition prevails, then the resulting load-displacement curve for elastic contact may be described by the following relation [34] :
where E r is known as the reduced elastic modulus and is related to the elastic modulus, Poisson's ratios of the material (E s , ν s ) and the indenter (E i , ν i ) by:
For elasto-plastic indentation, no closed form solution is available as such; they are usually represented by algebraic expressions obtained by curve fitting.
Energy constants
A typical set of indentation load-displacement curves is shown in figure 1 . The areas under the loading and unloading curves signify energy dissipated during indentation and recovered upon complete withdrawal of a load, respectively. The total energy dissipated in a particular indentation experiment could be the absolute maximum if the load-displacement curve is linear. A value of total energy greater than that is only possible when a loading curve is concave downwards, which has not previously been realized in a pyramidal indentation. Attaf [24] introduced several energy constants by assuming the total energy associated with linear loading curve as reference energy. Of them, total (v T ) and elastic (v E ) energy constants are defined, respectively, as
Symbols W S , W T and W E are referred to as the absolute, total and elastic work-of-indentation, respectively. As the loading and unloading curves coincide in an elastic indentation, v T and v E are essentially the same. When evaluated using equation (1), one may obtain v T equal to 1.5 for an ideally sharp indenter irrespective of the elastic modulus and the half-included angle of the indenter. The corresponding value of v T for a spherical indenter is 1.25. When equation (2) is used to determine v T , the effect of the tip radius becomes apparent; it decreases with the increase in the tip radius. At this stage, it may be concluded that the total energy constant is a function of the indenter geometry alone as far as the indentation is elastic. It should be noted that the minimum value of v T is 1, which corresponds to the linear load-displacement relation.
Total and elastic energy constants may be used to describe the indentation load-displacement curves. Attaf [26] , based on functional analysis, derived the following power functions to represent the loading and unloading curves, respectively:
where P max is the peak indentation load and h max is the corresponding maximum depth of penetration. In general, an experimental loading curve can be fitted more accurately than an unloading curve with the help of equation (6) . Approximation of an unloading response by equation (6) very much depends on the type of material; the smaller the value of elastic work, the better is the fit [35] . The elastic energy constant may also be used to determine the depth along which the contact is made between the material and the specimen, which is given by [27] :
The validity of equation (7) has been confirmed in several studies [19, [27] [28] [29] . It is reported that the above equation reasonably estimates the contact depth for many materials with accuracy better than 95%.
FE modelling
Better understanding of the energy constants may be gained if the load-displacement curves showing a wide range of elastic recovery and curvature are available. A set of such curves may be acquired conveniently and economically by a FE simulation of the indentation process. As it allows a systematic variation of the parameters involved, numerical nanoindentation has been a preferred alternative in many studies [3, 5, 14, 23, [36] [37] [38] [39] [40] [41] . The nanoindentation is simulated in the axisymmetric mode using a commercially available software ABAQUS/Standard having large-strain feature in this study. A pyramidal Berkovich indenter is modelled as a conical indenter with a half-included angle of 70.3
• due to the requirement of the axisymmetric modelling. Note that a conical indenter with the half-included angle of 70.3
• gives the same projected area-to-depth ratio as a Berkovich indenter and, therefore, the term conical and Berkovich indenter are used herein interchangeably. Selection of the specimen size is one of the most important steps in the modelling, as it governs the accuracy of a simulation. Poon et al [33] showed that a set of loading/unloading curves may be obtained accurately if the specimen size satisfies the following convergence condition:
where r s and h s are, respectively, the radius and height of the cylindrical specimen, which are assumed to be 30 000 nm-large enough to acquire the load-displacement curves accurately up to a penetration depth of 300 nm as per the condition given by equation (8) . Since the model conforms to the axisymmetric condition, only half of the cross-sections of the specimen and indenter are considered, as shown in figure 2 . The entire domain is discretized using 4-node quadrilateral elements, with the highest mesh density in the vicinity of contact to account for large local deformation beneath the indenter similar to one adopted in [38] . Progressively coarser mesh is used as we move away from the contact resulting in 4097 elements and 4228 nodes in the model.
Another important step in the FE simulation is the selection of a constitutive relation for a material that undergoes elasto-plastic deformations. For this purpose, depending on the type of a material, a bilinear stress-strain relation or Ramberg-Osgood model [8] or an advanced constitutive relation such as the one described in the literature [42] [43] [44] may be employed. If a material is indented with a pyramidal indenter, the resulting load-displacement of curves is always describable by the parabolic algebraic equations, no matter, which constitutive relation it may obey. Thus, it may be assumed that a given set of parabolic load-displacement curves with the percentage elastic recovery in the range 0-100% obtained by making use of less accurate stress-strain relation in the FE simulation would also contain the loading/unloading curves from a material indentation simulated with its actual constitutive law. With this in mind, the specimen is modelled as the elastic and elasto-plastic deformable material, which is assumed to obey the following bilinear stress-strain relations:
where σ y is the yield strength and E P is the work hardening parameter. The constitutive law given by equation (9) has been extensively used in this kind of study [36] [37] [38] [39] [40] [41] . In the majority of simulations, while Young's modulus of the solid is fixed at 70.0 GPa, yield strength, Poisson's ratio and work hardening rate are varied systematically, as summarized in table 1. This combination of mechanical properties covers many metals, ceramics and polymers [3] . The indenter is modelled as an analytically rigid surface with R/ h max ratio varying in the range 0-15. As mentioned previously, when the tip radius is very large as compared to the maximum depth of penetration, a pyramidal indenter may behave like a spherical one. In order to illustrate the transition between pyramidal and spherical contact regime, simulations involving the analytically rigid spherical indenter have also been carried out. Roller boundary conditions are considered along the axis of symmetry and the bottom of the specimen, as shown in figure 2 . The contact between the indenter and the specimen is assumed to be rough with a coefficient of friction equal to 0.4. Indentations are carried out in the displacement-controlled mode in which the indenter was pushed into the specimen up to a specified depth.
Results and discussion
At the outset, indentations on an elastic solid with E = 70 GPa and ν = 0.25 are performed with indenters with tip radii equal to 0 and 200 nm in order to examine the adequacy of the discretization scheme adopted in the FE simulations. The load-displacement curves predicted by the FE simulations are in good agreement with those obtained from equations (1) and (2), as shown in figure 3 . This numerical experiment reconfirms that the meshing used is adequate to obtain the load-displacement curves fairly accurately for the maximum penetration depths considered. Next, several simulations on the elastic solid having mechanical properties the same as above are carried out using conical indenter in which the ratio of the indenter tip radius to the maximum depth of penetration (R/ h max ) varies in the range 0-10. These simulations are repeated by replacing the conical indenter with a spherical one. The total energy constant determined from the simulated load-displacement curves are plotted against R/ h max , as shown in figure 4 , for both of these indenters. It is evident from the plot that while v T varies as a function of the R/ h max ratio for the conical indenter, it remains constant (v T = 1.25) for the spherical one. When R/ h max reaches approximately 6.4, the total energy constants for both the blunt conical and spherical indenters are equal implying that the load-displacement curves obtained by these two indenters are essentially the same. This is depicted in figure 5 , where theoretical and numerical curves coincide. Thus, R/ h max = 6.4 is the limiting value for the Berkovich indenter beyond which it behaves like a spherical indenter in the elastic indentation of a solid. In terms of the total energy constant, it may be stated that a conical indenter with halfincluded angle of 70.3
• (or Berkovich) would behave like a spherical indenter in the elastic indentation, if it is equal to 1.25.
For the Berkovich indenter, the variation of v T with the R/ h max ratio can be fitted by a fourth degree polynomials as: of the proposed method for the evaluation of tip radius may be examined by comparing the results obtained from other methods available in the literature. Poon et al [33] determined the indenter radius R using the following relation:
where p 2 and p 2 are the coefficients of the second-order polynomial in P and h, which is used to represent the experimental loading curve. Similarly, based on dimensional analysis and FE simulations, Cheng and Cheng [11] developed the following expression to calculate the tip radius:
Elastic simulations using the Berkovich indenter with tip radius equal to 50, 100, 150 and 200 nm are performed to examine the tip radius prediction capability of all the methods described above. After the evaluation of required parameters from the simulated indentation data, the tip radius to the maximum penetration depth ratio is determined using each of these procedures, which are summarized in table 2. Comparison shows that the method presented in this study predicts R/ h max more precisely and consistently than the other two. The load-displacement response obtained from a material that deforms elasto-plastically during indentation depends on several factors such as Young's modulus, Poisson's ratio, yield strength, the work hardening parameter, the indenter type and geometry, the coefficient of friction, etc. A sensitivity analysis is first performed to examine which of these parameters significantly affects the determination of energy constants. Elasto-plastic simulations with different values for the coefficient of friction revealed that their effect on the load-displacement curves is insignificant-a fact which is also corroborated by Wang et al [30] . Considering this, a value of 0.4 was used for the coefficient of friction in all subsequent simulations. Similarly, test simulations are carried out to assess the effect of other mechanical properties on the energy constants. For this purpose, three different sets of elastic moduli and yield strength were chosen in such a way that their ratios are identical. Values for Poisson's ratio and the work hardening parameter are kept, equal to 0.25 and 0, respectively. The load-displacement curves so obtained for two values of the R/ h max ratio are displayed in figure 6(a) . As expected, the effects of material properties and the radiusto-depth ratio are evident; each set has a unique loaddisplacement curve. Although such results are quite common in the nanoindentation studies, two interesting observations could be made at this point. First, if two perfectly elastic materials having identical E/σ y Poisson's ratios are indented, then the resulting residual depths of impression are also equal irrespective of the R/ h max ratio. The second observation is that if the load and displacement are, respectively, normalized with their maximum values, for a given R/ h max ratio, the resulting load-displacement curves superimpose each other, as shown in figure 6 (b). These two observations imply that the loaddisplacement curves corresponding to the identical E/σ y ratio yield exactly the same values for both v T and v E , for a given R/ h max and Poisson's ratios. In yet another set of experiments, the elastic modulus is varied in the range 70-410 GPa, keeping all other parameters unchanged (as indicated in figure 6(c) ). In this case, only loading curves superimpose each other after normalization (as shown in figures 6(c) and (d)) suggesting that the elastic modulus has a negligible effect on the total energy constant.
Results of test simulations indicate that by varying E/σ y , R/ h max , ν and E P , a wide range of the total and elastic energy constants can be obtained. In the subsequent simulations, while E is fixed at 70 GPa, other parameters are varied in the range as listed in table 1. The total energy constant evaluated from all such simulations are plotted against the R/ h max ratio, as shown in figure 7 . In this case, v T is found to vary in the range 1.0-1.50. It is evident from figure 7 that, whenever the R/ h max ratio is less than 2, v T is independent of the material properties and varies in a way similar to that obtained in the elastic case. It is interesting to note here that, in elasto-plastic indentation a blunt indenter changes a contact regime from pyramidal to spherical for a much smaller value of R/ h max ratio as compared to the elastic indentation. Above R/ h max = 2, its dependence on the modulus-to-yield stress ratio is apparent, which may be attributed to the effect of the sphericity of the indenter tip. These results support the notion that a unique stressstrain relation cannot be obtained from conical and pyramidal indenters [45] . As far as the variation of the elastic energy constant is concerned, it is affected by both material properties as well as indenter geometry, which is evident in figure 8(a) . It is also clear from the figure that as the hardness (or yield strength) of a material increases, the elastic energy constant increases. Thus, v E may be used to differentiate the type of deformation (elastic or elasto-plastic) in a way similar to the percentage elastic recovery that is used. When the elastic energy constant is normalized with respect to the v E value determined for the ideally sharp indenter (R/ h max = 0), the entire curve falls on the same line, as displayed in figure 8(b) , indicating that the rate at which the elastic energy constant decreases with respect to R/ h max ratio is independent of the material properties. On the basis of these observations, one may conclude that the total and elastic energy constants characterize the indenter geometry and material response to indentation, respectively. Since v T is independent of the material properties when R/ h max is less than 2, equation (10) may be used to determine the indenter tip radius using the data from elasto-plastic indentations as well. For illustration, the tip radius was evaluated using equations (10) and (12) from the simulated load-displacement data that corresponds to the input parameters listed in table 3. The method by Poon et al [33] is not considered for comparison as it is applicable to the elastic indentation only. As shown in table 3, the proposed method approximates the input radius more closely as compared to the Cheng and Cheng method [14] in all the cases where R/ h max is less than or equal to 2. The accuracy of the proposed method, however, depends on v T ; better accuracy in R is obtained when v T is in excess of 1.4. Thus, it is recommended that, for the accurate calibration of the indenter tip, the test material (say single crystal aluminum) should be indented to a maximum depth of penetration such that the resulting v T is greater than 1.4.
The total energy constant may also be used to determine the nominal hardness of a material. This type of hardness is defined as the peak load divided by the indenter area evaluated at the maximum depth of penetration [46] , which may be written, for an ideally sharp Berkovich indenter, as:
For a non-perfect pyramidal indenter, Ma et al [47] expressed the projected contact area in the following form:
where terms within the summation account for the bluntness in the tip of the indenter. The form of equation (14) suggests that Ma et al [47] evaluated the maximum area in a manner similar to that used for the determination of contact area in the standard Oliver and Pharr method. Equation (13) may also be written in terms of indentation work. Following the derivation of Tuck et al [48] , the hardness of a material, in terms of the total work, may be expressed as:
where k −1 = 24.56. Since, for an ideally sharp Berkovich indenter, W T is given by P max h max /3, equation (13) is only a special case of the more general expression given by equation (15) . By utilizing the definition of the total energy constant, a simplified expression for the nominal hardness (H n ) of a material is proposed in the following form: The experimental load-displacement data pertaining to aluminum, steel and fused silica given in [47] were utilized to validate the proposed relation for the nominal hardness of a material. The hardness values evaluated from equation (16) compare well with those obtained by the Ma et al [47] method, as summarized in table 4. Thus, the effect of indenter tip rounding on the measured nominal hardness of a material can be quantified by making use of the total energy constant. The elastic energy constant may be used to determine the contact depth and initial unloading stiffness. Procedures to determine these parameters are described in detail elsewhere [29] for two different loading conditions. However, the evaluation of the elastic energy constant itself, in view of its variation with respect to R/ h max ratio revealed in this study, warrants further comment. Attaf [24] evaluated v E as a slope from the absolute versus elastic work plot. Since it depends on the maximum penetration depth (more specifically on R/ h max ratio), the elastic energy constant may yield erroneous contact depth if it is determined as a slope. To examine the severity of this assumption, contact depths are calculated from both the average and the exact values of v E with the help of equation (7). Here, v E that corresponds to a particular indentation is referred to as an exact. The average value of v E always underestimates the contact depth in comparison to what is obtained by the standard Oliver and Pharr method (h cop in figure 9(a) ). The effect of using average value is, however, more pronounced as a material gets softer. In order to be consistent, it is recommended that the exact value of the elastic energy constant be used in the evaluation of the contact depth and other nanomechanical quantities.
Finally, the validity of equation (7) is examined for the situation where a Berkovich indenter behaves as a spherical one. When a spherical indenter is employed in the indentation, the contact depth (h cs ) is given by an average of the maximum and the residual depth of penetrations as:
The calculated contact depths from equations (7) and (17) are compared in figure 9(b) , where a close agreement between them could be realized. This comparison confirms that equation (7) is also valid in the case of spherical indentation, no matter, whether an average or exact elastic energy constant is used in the evaluation. The residual depth of penetration is greatly affected by the surface roughness of a specimen [49] . Even a small error in the estimation of h f would result in contact depth (equation (17)) larger than its actual value. Since the elastic energy constant is a normalized parameter, the effect of erroneous v E on the determination of contact depth using equation (7) would be less severe. 
Conclusions
In this study, extensive finite element simulations of nanoindentation on elastic and elasto-plastic solids are carried out to gain further insight into two energy-based parameters, which are normally referred to as energy constants. Analysis of the simulated load-displacement data revealed that the total and elastic energy constants may be used to characterize the indenter geometry and response of a material to indentation, respectively. These two parameters also find their applications in the determination of some key quantities, which are of particular interest in the nanomechanical analysis. The specific findings of this study may be enumerated as follows:
(1) The total energy constant is a function of R/ h max ratio alone for a Berkovich equivalent conical indenter. It is equal to 1.50 for a sharp pyramidal or conical indenter, but decreases with the increase in the tip radius to maximum penetration depth ratio. When this ratio reaches 6.4 in an elastic indentation, v T becomes equal to 1.25-a value associated with a spherical indenter-thereby indicating a change in the contact regime. In the case of elasto-plastic indentation, this constant also depends on the mechanical properties of a material when R/ h max is greater than 2, which means that a spherical contact regime prevails beyond a threshold value of 2. Depending upon the material properties and indenter tip geometry, v T varies within the range of 1.0-1.5 in the elasto-plastic case. Therefore, this constant signifies both the state of an indenter tip (sharp or blunt) and the type of contact regime (pyramidal or spherical). (2) On the other hand, the elastic energy constant (v E ) depends on both the material properties and R/ h max value. It varies in the range [1 − ∞ [; the upper limit is associated with the perfectly plastic material. Like the total energy constant, v E also decreases with the increase in R/ h max value for the range of materials considered in this study. However, the variation of the normalized elastic energy constant with respect to R/ h max ratio does not depend on the material type. This constant signifies the portion of total deformation that is elastic and thus, characterizes the response of a material to indentation. (3) A procedure to evaluate the indenter tip radius using the total energy constant is developed in this study. The method is applicable to both elastic as well as elastoplastic indentations and provides consistent results as compared to the available methods in the literature. The total energy constant can also be used to determine the nominal hardness of a material. The nominal hardness evaluated by the proposed method using the experimental data from aluminum, steel and fused silica compare well with those obtained by Ma et al. Similarly, it has been found that the relation between the elastic energy constant and the contact depth is valid even in the spherical contact regime.
